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This talk is divided in two parts: Part I deals with quark
mass matrices and observable quantities and is based on
three papers [1–3]. Part II deals with neutrino masses
and mixings in a seesaw framework and is based on an-
other three papers [4–6].
Part I - Quarks
In the standard model (SM), which is a gauge theory
with SU(3)c × SU(2)L × U(1)Y as a symmetry group,
let us consider the quark mass and charged weak current
terms in the Lagrangian:
uLMuuR + dLMddR + guLdLW. (1)
When we diagonalize both mass matrices by biunitary
transformations, we get the terms
uLDuuR + dLDddR + guLVCKMdLW, (2)
where VCKM is the quark mixing matrix [7]. There is a
clear hierarchy of quark masses: mu ≪ mc ≪ mt and
md ≪ ms ≪ mb (mb ≪ mt). Moreover, VCKM is near
the identity and Vub ≪ Vcb ≪ Vus.
The following (unitary) transformations have no phys-
ical consequences, that is they do not change masses and
mixings:
uL → UuL, dL → UdL (3)
uR → VuuR, dR → VddR. (4)
As you see, the left-handed states transform in the same
way, while the right-handed states may undergo different
transformations. The two mass matricesMu,Md have 36
real parameters whileDu, Dd, VCKM have 10 real param-
eters (observable quantities). By using transformations
(3),(4) we can go to a basis where the mass matrices con-
tain exactly 10 real parameters. This is called a minimal
parameter basis (MPB) [8].
However, by using transformations (3),(4) we can get
also Mu, Md both hermitian [9], or Mu, Md both in the
nearest neighbor interaction (NNI) form [10], or Mu di-
agonal and Md hermitian or containing three zeros [11].
In fact, we can diagonalize Mu by a biunitary transfor-
mation, and use the freedom in Vd to get Md hermitian
or containing three zeros. There are 54 bases with three
zeros, out of 84 possibilities. In this way Mu has three
real parameters and Md seven real parameters, six mod-
uli and one phase (but keeping three phases preserves an
arbitrary representation for VCKM ).
As an example of a MPB with Mu diagonal and Md
with three zeros, we can consider the one studied in ref.
[1], where
Md ≃

 0
√
mdms 0√
mdms mse
iϕ ms
0 mb/
√
5 2mb/
√
5

 . (5)
There are three simple relations among its elements,
and the mixings can be written in terms of down quark
masses:
Vus ≃
√
md
ms
(6)
Vcb ≃ 3√
5
ms
mb
(7)
Vub ≃ 1√
5
√
mdms
mb
. (8)
Therefore on this basis we have seven independent real
parameters (six masses and one phase), instead of ten.
We can check also that VusVcb ≃ 3Vub. The relation
|Md22| ≃Md23 is due to the value δ ≃ 75◦ in VCKM .
Other interesting bases, with Mu diagonal and Md tri-
angular, are in refs. [12,13]. In particular, from ref. [13]
we get the form
|Md| ≃

 md msVus mbVub0 ms mbVcb
0 0 mb

 . (9)
Non diagonal bases include hermitian matrices with
no zeros on the diagonal [14]. The physical content of
such bases can be explained considering that, for ex-
ample, solution 3 by Ramond, Roberts, Ross [15] is ob-
tained setting Mu11 = Md11 = 0 in one of them. More-
over, we have also the basis with hermitian matrices and
Mu13 = Md13 = 0 [16], or Mu11 = Md11 = Md13 = 0
[17], and the physical content is given by the ansatz with
M11 =M13 = 0 in both matrices (this is contraddicted in
ref. [18], where other hermitian mass matrices are studied
and a non parallel structure is found).
Let us now turn to the left-right model (LRM), based
on the symmetry SU(3)c×SU(2)L×SU(2)R×U(1), and
consider the part of the Lagrangian containing the quark
mass terms and the charged currents:
uLMuuR + dLMddR + gLuLdLWL + gRuRdRWR. (10)
When we diagonalize the mass matrices we obtain
uLDuuR + dLDddR + gLuLVLdLWL + gRuRVRdRWR,
(11)
with two mixing matrices VL, VR, and VL = VCKM . The
transformations that do not change masses and mixings
are now
uL → UuL, dL → UdL (12)
2
uR → V uR, dR → V dR. (13)
Thus, also the right-handed fields transform in the same
way, and if we diagonalizeMu by a biunitary transforma-
tion, then Md is fixed: The 54 bases of the SM become
strong ansatze in the LRM. To select them we have to
look at right-handed mixings [19].
As an example, consider the 2-generation case, where
we have four SM bases, according to where we put the
zero in Md (taking Mu = Du, λ = 0.22):
Md ≃
(
0
√
mdms√
mdms ms
)
, VR ≃
( −1 λ
λ 1
)
; (14)
Md ≃
( √
mdms 0
ms
√
mdms
)
, VR ≃
(
λ 1
−1 λ
)
; (15)
Md ≃
( −md √mdms
0 ms
)
, VR ≃
( −1 0
0 1
)
; (16)
Md ≃
( √
mdms −md
ms 0
)
, VR ≃
(
0 1
−1 0
)
. (17)
In the 3-generation case we rely on the following con-
siderations. A recent analysis, by T. Rizzo [20], of right-
handed currents in B decay, within the LRM, suggests
that V Rcb is large and perhaps near unity. From inclusive
semileptonic decays of B mesons one has V Rcb & 0.782.
Moreover, if as suggested by Voloshin [21], right-handed
currents can help to solve the B semileptonic branching
fraction and charm counting problems, then V Rcb ≥ 0.908.
We begin our selection by using V Rcb ≥ 0.750. Setting
Mu = Du, we denote elements in Md by
 1 2 34 5 6
7 8 9

 .
There are 16 ansatze out of 54 that satisfy our bound.
Ten of them are in the following table. We have excluded
those giving the particular strange result that some ele-
ment in M †dMd = VRD
2
dV
†
R is exactly zero.
zeros 124 236 146 256 127 128 479 589 467 568
V Rcb .896 .896 .789 .789 .914 .914 .999 .999 .871 .871
We give now an example of a successful ansatz, namely
124, with
|Md| =

 0 0 0.0230 0.106 0.104
0.541 2.687 1.213

 , (18)
|VR| ≃

 1 λ λλ 2λ 1
λ 1 2λ

 . (19)
Further constraints on the form of VR come from the
KL−KS mass difference and B−B mixing, reported in
ref. [20]. Models 128, 479, 589 are reliable, for example
128:
|Md| =

 0 0 0.0230.103 0.021 0.104
2.741 0 1.213

 , (20)
|VR| ≃

 λ 1 2λ2λ2 2λ 1
1 λ λ5

 . (21)
Of course, other ansatze can be obtained starting from a
diagonalMd. We stress the simple result that, if V
R
cb is re-
ally large, then hermitian or symmetric mass matrices are
not reliable (remember: for hermitian or symmetric ma-
trices |VR| = |VL|). Notice also that non symmetric mass
matrices have important applications in the leptonic sec-
tor in connection with the large mixing of neutrinos [22].
By using transformations (12),(13) it is possible to
change the structure of both Mu andMd. Although such
forms can be more interesting to discover an underlying
theory of fermion masses and mixings, they lead to the
same observable parameters in LRM, and we need other
observable quantities to make a selection of such models
with non diagonal mass matrices. These new physical pa-
rameters exist in extensions of the LRM (for example the
SO(10) model). We have here simply attempted to begin
with a systematic study, within the LRM, of quark mass
matrices which have a general form in the SM. For effects
of right-handed mixings in SO(10) and proton decay see
ref. [23].
Part II - Neutrinos
Let us start from the 1-generation seesaw, where the
full neutrino mass matrix is given by
(
0 mD
mD MR
)
, (22)
with mD the Dirac mass and MR the right-handed Ma-
jorana mass. Assuming mD ≪MR, we get a small eigen-
value mL ≃ m2D/MR and a big one, mR ≃ MR. Usually
MD ∼ mq or MD ∼ ml, with mq a quark mass and ml
a charged lepton mass. In the 3-generation seesaw, we
have the matrix (
0 MD
MD MR
)
, (23)
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with MD and MR 3 × 3 matrices (we assume MD to
be real symmetric), and an effective light neutrino mass
matrix
ML ≃MDM−1R MD (24)
which can be inverted to give
MR ≃MDM−1L MD. (25)
We aim at calculating the scale and the form of MR,
because in unified models, where neutrino mass is most
natural (SO(10)), this scale is intermediate (around 1011
GeV) in the non supersymmetric case and of unification
(1016 GeV) in the supersymmetric case [24].
We rely on quark-lepton symmetry, which in this con-
text means that
MD ≃ mτ
mb
diag(mu,mc,mt), (26)
and Ml, Md, Mu also nearly diagonal (see for example
ref. [15]). In such a case we can soon obtain ML from
experimental data, by means of the formula
ML ≃ UDLUT (27)
with DL = diag(m1,m2,m3) and the lepton mixing ma-
trix U [25] given by [26]
U =

 c s ǫ− 1√
2
(s+ cǫ) 1√
2
(s− cǫ) 1√
2
1√
2
(s− cǫ) − 1√
2
(s+ cǫ) 1√
2

 (28)
where ǫ is small (ǫ2 . 0.03). This form includes the re-
sults by Chooz and SuperKamiokande. Since we do not
know neutrino masses and mixing so well, our approxi-
mations can be considered good.
From neutrino oscillation data we have for solar neu-
trinos [27]
∆m2sol ∼ 10−6eV 2(SMA MSW ) (29)
∆m2sol ∼ 10−5eV 2(LMA MSW ) (30)
∆m2sol ∼ 10−10eV 2(V O) (31)
and for atmospheric neutrinos
∆m2atm ∼ 10−3eV 2. (32)
Then it is clear that ∆m2atm ≫ ∆m2sol. We can set [28]
∆m2sol = m
2
2 −m21, ∆m2atm = m23 −m21,2 (33)
and assuming m3 > 0 there are three possible spectra for
light neutrinos [28]:
m3 ≫ |m2|, |m1| (hierarchical) (34)
|m1| ∼ |m2| ≫ m3 (inverted hierarchy) (35)
|m1| ∼ |m2| ∼ m3 (nearly degenerate). (36)
We work in a CP conserving framework, but we allow for
negative Majorana masses. In a more general approach,
two phases in U or DL connect among the relative signs
(see for example ref. [29]). For the sine s of the solar
mixing angle one has s ≃ 0 in the SMA MSW and s ≃
1/
√
2 in the LMA MSW or VO.
Hierarchical spectrum. If there was no mixing at all
(U = I), the scale of MR would be
MR33 ∼ k
2m2t
m3
,
with k = mτ/mb. For s ≃ 0, corresponding to the SMA
solution, we get
M−1L ≃

 1/m1 0 00 1/2m2 −1/2m2
0 −1/2m2 1/2m2

 , (37)
when ǫ2m3 ≪ m1, and the scale is given by
MR33 ∼ 1
2
k2m2t
m2
, (38)
which is greater or equal to 1015 GeV, that is near the
unification scale. The leading form for MR is
MR ∼ diag(0, 0, 1), (39)
similar to the leading form for MD. However, if ǫ
2m3 ≃
m1, thenMR33 goes to zero and we have a different struc-
ture for MR. For s ≃ 1/
√
2 we consider three subcases:
|m2| ≫ |m1|, m2 ≃ m1 and m2 ≃ −m1.
1. If there is full hierarchy, we have
M−1L ≃

 1 −1/
√
2 1/
√
2
−1/√2 1/2 −1/2
1/
√
2 −1/2 1/2

 1
2m1
(40)
and the scale is
MR33 ∼ 1
4
k2m2t
m1
(41)
which gives 1016 GeV or more in the LMA case and 1018
GeV or more in the VO case (towards the Planck scale).
Again the leading form for MR is hierarchical and diag-
onal, reflecting the hierarchy of Dirac masses.
2. If m2 ≃ m1, then
4
M−1L ≃

 2 0 00 1 −1
0 −1 1

 1
2m2
, (42)
assuming ǫ2m3 ≪ m2, and the scale is
MR33 ∼ 1
2
k2m2t
m2
, (43)
which gives 1015 GeV or more, near or above the unifica-
tion scale. The leading MR is hierarchical and diagonal,
unless ǫ2m3 ≃ m2, when MR33 goes to zero.
3. For m2 ≃ −m1 there are some possibilities:
M−1L ≃

 0 −
√
2/m2
√
2/m2
−√2/m2 −1/2m3 −1/2m3√
2/m2 −1/2m3 −1/2m3

 ,
M−1L ≃

 0 −1/
√
2 1/
√
2
−1/√2 0 0
1/
√
2 0 2ǫ

 1
m2
,
giving MR around the unification scale. An interesting
case is ǫm3 ≃ −m2, when m2 < 0, m1,m3 > 0, and
M−1L ≃

 0 −1/
√
2 1/
√
2
−1/√2 2ǫ 0
1/
√
2 0 0

 1
m2
, (44)
with the leading form
MR ∼

 0 0 10 0 0
1 0 0

 , (45)
and a scale given by the element
MR13 ∼ 1√
2
k2mumt
m2
(46)
yielding 1011 GeV or above, near the intermediate scale
of a SO(10) model. This last form is similar to the one
studied in ref. [30],
MR ∼

 0 σ
2 1
σ2 σ2 0
1 0 0

M0, (47)
with σ2 = mc/mt and M0 = 10
12 GeV. For other forms
at the intermediate scale see refs. [31–33].
For inverted hierarchy, generally we have
MR33 ∼ k
2m2t
m3
(48)
and the hierarchical and diagonal leading form with a
scale at the unification scale or above.
For nearly degenerate spectrum with m0 ≃ 2 eV, the
scale is intermediate and depends on 1/m0. However,
in this case there are instabilities with respect to small
entries [26]. Moreover, this spectrum is hard to obtain in
the seesaw mechanism [28].
We give now a summary on neutrinos. There are few
leading forms for MR. The diagonal form
MR ∼

 0 0 00 0 0
0 0 1

 (49)
leads to the unification scale or above; in particular, for
the VO solution and full hierarchy we go near the Planck
scale. The off-diagonal forms [6,33]
MR ∼

 0 0 10 0 0
1 0 0

 ,

 0 0 00 0 1
0 1 0

 , (50)
are consistent with the intermediate scale of non super-
symmetric models. In such cases the structure of MR is
very different from that of MD ∼ diag(0, 0, 1). From
the point of view of the effective parameters mi, ǫ this is
due to some suitable cancellations, but there could be an
underlying theory. Of course, the relation MD ∼ Ml re-
duces scales by almost three orders [4], so the unification
scale can become the intermediate scale.
We finish with a brief comment on neutrinos and dark
matter. From inflation and CMB experiments [34] we can
argue that Ω = 1. The old paradigm about the content of
the universe was ΩB ≃ 0.1 (baryons), ΩHDM = Ων ≃ 0.2
(hot dark matter), ΩCDM ≃ 0.7 (cold dark matter) and
ΩΛ = 0 (vacuum energy). New results from high-z su-
pernovae and other hints lead to ΩΛ ≃ 0.7 [35]. Then
ΩCDM ≃ 0.2 for structure formation and we are left
with Ων ≃ 0. Thus, we would like to stress that the
hierarchical spectrum for light neutrinos leads just to
Ων ≃ 0, while the degenerate spectrum to the old po-
sition Ων ≃ 0.2 [29]. Therefore, it seems that the new
results support the hierarchical spectrum.
The author thanks the Instituto Superior Tecnico for
hospitality.
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